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MORITA EMBEDDINGS FOR DUAL OPERATOR
ALGEBRAS AND DUAL OPERATOR SPACES
G. K. ELEFTHERAKIS
Abstract. We define a relation ⊂∆ for dual operator algebras. We say
that B ⊂∆ A if there exists a projection p ∈ A such that B and pAp are
Morita equivalent in our sense. We show that ⊂∆ is transitive, and we
investigate the following question: If A ⊂∆ B and B ⊂∆ A, then is it true
that A and B are stably isomorphic? We propose an analogous relation
⊂∆ for dual operator spaces, and we present some properties of ⊂∆ in this
case.
1. Introduction
An operator space X is said to be a dual operator space if X is completely
isometrically isomorphic to the operator space dual Y ∗ of an operator space
Y. If, in addition, X is an operator algebra, then we call it a dual operator
algebra. For example, Von Neumann algebras and nest algebras are dual
operator algebras. Blecher, Muhly and Paulsen introduced the notion of the
Morita equivalence of non-self-adjoint operator algebras [4]. Subsequently,
Blecher and Kashyap developed a parallel theory for dual operator algebras
[1], [14]. At the same time, the author of the present article proposed a
different notion of Morita equivalence for dual operator algebras, called ∆-
equivalence. Two unital dual operator algebras A and B are ∆-equivalent if
there exist faithful normal representations α : A → α(A), β : B → β(B)
and a ternary ring of operatorsM (i.e., a space satisfyingMM∗M ⊆M) such
that α(A) = [M∗β(B)M ]−w
∗
and β(B) = [Mα(A)M∗]−w
∗
[9]. In this case, we
write A ∼∆ B. An important property is that two algebras are ∆-equivalent
if and only if they are stably isomorphic, as was proved by Paulsen and
the present author in [12]. Subsequently, Paulsen, Todorov and the present
author defined a Morita-type equivalence ∼∆ for dual operator spaces [13].
This equivalence also has the property of being equivalent with the notion of
a stable isomorphism.
Key words and phrases. Dual operator algebras, Dual operator spaces, TRO, Stable
isomorphism, Morita equivalence.
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In this paper, we define a weaker relation between dual operator algebras.
We say that the dual operator algebra B ∆-embeds into the dual operator
algebra A if there exists a projection p ∈ A such that B ∼∆ pAp. In this
case, we write B ⊂∆ A. We investigate the relation ⊂∆ between unital dual
operator algebras, and we prove that it is a transitive relation. In the case of
von Neumann algebras, it is a partial order relation. This means that it has
the additional property that if A,B are von Neumann algebras and A ⊂∆
B,B ⊂∆ A, then A ∼∆ B. We present a counterexample to demonstrate
that this does not always hold in the case of non-self-adjoint algebras. In
Section 2, we also present a characterisation of the relation ⊂∆ in the terms
of reflexive lattices.
In Section 3, we present an analogous theory defining the relation ⊂∆ for
dual operator spaces. In this case, if X, Y are dual operator spaces such that
Y ⊂∆ X, then there exist projections p and q such that pX ⊆ X,Xq ⊆
X and Y ∼∆ pXq. We also define a weaker relation ⊂cb∆ . We say that
Y ⊂cb∆ X if there exist w∗-continuous completely bounded isomorphisms
φ : X → φ(X), ψ : Y → ψ(Y ) such that φ(X) ⊂∆ ψ(Y ). We present a
theorem describing ⊂cb∆ in the terms of stable isomorphisms ( Theorem 3.11),
and we investigate the problem of whether ⊂∆ is a transitive relation for dual
operator spaces ( Theorem 3.14).
In the following, we briefly describe the notions used in this paper. We
refer the reader to the books [3], [6], [7], [15] and [16] for further details. If
V is a linear space and S ⊆ V, then by [S] we denote the linear span of S.
If H,K are Hilbert spaces, then we write B(H,K) for the space of bounded
operators from H to K. We denote B(H,H) as B(H). If L is a subset of
B(H), then we write L′ for the commutant of L, and L′′ for (L′)′. If A is an
operator algebra, then by ∆(A) we denote its diagonal A∩A∗. A ternary ring
of operators M, referred to as a TRO from this point, is a subspace of some
B(H,K) satisfying the following:
m1, m2, m3 ∈M ⇒ m1m∗2m3 ∈M.
It is well known that in the case that M is norm closed, it is equal to
[MM∗M ]−‖·‖. If X is a dual operator space and I is a cardinal, then we
write MI(X) for the set of I × I matrices whose finite submatrices have uni-
formly bounded norm. We underline that MI(X) is also a dual operator
space, and it is completely isometrically and w∗-homeomorphically isomor-
phic with X⊗¯B(l2(I)). Here, ⊗¯ denotes the normal spatial tensor product.
We say that two dual operator spaces X and Y are stably isomorphic if there
exists a cardinal I and a w∗-continuous completely isometric map fromMI(X)
onto MI(Y ). If L ⊆ B(H) is a lattice, then we write Alg(L) for the algebra
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of operators x ∈ B(H) satisfying
l⊥xl = 0, ∀ l ∈ L.
If A ⊆ B(H) is an algebra, then we write Lat(A) for the lattice of projections
l ∈ B(H) satisfying
l⊥xl = 0, ∀ x ∈ A.
A lattice L is called reflexive if
L = Lat(Alg(L)).
A reflexive algebra is an algebra of the form Alg(L), for some lattice L. An
important example of a class of reflexive lattices is given by nests. A nest
N ⊆ B(H) is a totally ordered set of projections containing the zero and
identity operators, which is closed under arbitrary suprema and infima. The
corresponding algebra Alg(N ) is called a nest algebra. If A ⊆ B(H) is a w∗-
closed algebra and I is cardinal, then we write AI for the algebra of operators
x ∈ B(H ⊗ l2(I)) satisfying
x((ξi)i∈I) = (a(ξi))i∈I , ∀ (ξi)i∈I ∈ H ⊗ l2(I)
for some a ∈ A.
2. Morita embeddings for dual operator algebras
We consider the following known theorem concerning von Neumann alge-
bras.
Theorem 2.1. Let A,B be von Neumann algebras. Then, the following are
equivalent:
(i) There exist w∗-continuous, one-to-one, ∗-homomorphisms
α : A→ B(H), β : B → B(K),
where H,K are Hilbert spaces such that the commutants α(A)′, β(B)′ are ∗-
isomorphic.
(ii) The algebras A,B are weakly Morita equivalent in the sense of Rieffel.
(iii) There exists a cardinal I and a ∗-isomorphism from MI(A) onto
MI(B).
Definition 2.1. [8] Let A,B be w∗-closed algebras acting on the Hilbert spaces
H and K, respectively. We call these weakly TRO-equivalent if there exists a
TRO M ⊆ B(H,K) such that
A = [M∗BM ]−w
∗
, B = [MAM∗]−w
∗
.
In this case, we write A ∼TRO B.
The following defines our notion of weak Morita equivalence for dual oper-
ator algebras.
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Definition 2.2. [9] Let A,B be dual operator algebras. We call these weakly
∆-equivalent if there exist w∗-continuous completely isometric homomorphisms
α and β, respectively, such that α(A) ∼TRO β(B). In this case, we write
A ∼∆ B.
The following theorem is a generalisation of Theorem 2.1 to the setting of
unital dual operator algebras:
Theorem 2.2. Let A,B be unital dual operator algebras. Then, the following
statements are equivalent:
(i) There exist reflexive lattices L1 and L2, w∗-continuous completely iso-
metric onto homomorphisms α : A → Alg(L1), β : B → Alg(L2), and a
∗-isomorphism θ : ∆(A)′ = L′′1 → ∆(B)′ = L′′2 such that θ(L1) = L2.
(ii) The algebras A,B are weakly ∆-equivalent.
(iii) There exists a cardinal I and a w∗-continuous completely isometric
homomorphism from MI(A) onto MI(B).
The previous theorem has been proved in various papers. In fact, if (i)
holds, then by Theorem 3.3 in [8] Alg(L1) ∼TRO Alg(L2), and thus A ∼∆ B.
Conversely, if (ii) holds, then by Theorems 2.7 and 2.8 in [10], by choosing
a w∗-continuous completely isometric homomorphism α : A → α(A) with
reflexive range, there exists a w∗-continuous completely isometric homomor-
phism β : B → β(B), also with a reflexive range, such that α(A) ∼TRO β(B).
Thus, by Theorem 3.3 in [8], (i) holds. The equivalence of (ii) and (iii) con-
stitutes the main result of [12].
Remark 2.3. In the remainder of this section, if A is a unital dual operator
algebra and p ∈ A is a projection, then pAp is also a dual operator algebra
with unit p. If A is a w∗-closed unital algebra acting on the Hilbert space H
and p ∈ A is a projection, then we identify pAp with the algebra pA|p(H) ⊆
B(p(H)).
2.1. TRO-embeddings for dual operator algebras.
Definition 2.3. Let A,B be unital w∗-closed algebras acting on the Hilbert
spaces H and K, respectively. We say that B weakly TRO-embeds into A if
there exists a projection p ∈ A such that B ∼TRO pAp. In this case, we write
B ⊂TRO A.
Remark 2.4. The above definition is equivalent to the following statements.
Let A,B be unital w∗-closed algebras acting on the Hilbert spaces H and K,
respectively. Then,
(i) The algebra B weakly TRO-embeds into A if and only if there exists a
TRO M ⊆ B(H,K) such that B = [M∗AM ]−w∗ , MBM∗ ⊆ A.
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(ii) The algebra B weakly TRO-embeds into A if and only if there exists a
TRO M ⊆ B(H,K) such that B = [M∗AM ]−w∗ , MM∗ ⊆ A.
Remark 2.5. If A is a unital w∗-closed algebra and p ∈ A is a projection,
then pAp ⊂TRO A. For the proof, we can take the linear span of the element
p as a TRO.
Proposition 2.6. Suppose that A,B,C are unital w∗-closed algebras acting
on the Hilbert spaces H,K, and L, respectively. If C ⊂TRO B and B ⊂TRO A,
then C ⊂TRO A.
Proof. We may assume that there exist projections p ∈ ∆(B), q ∈ ∆(A) such
that
C ∼TRO pBp, B ∼TRO qAq.
By Proposition 2.8 in [8], there exists a TRO M such that
B = [MqAqM∗]−w
∗
, qAq = [M∗BM ]−w
∗
,
∆(B) = [MM∗]−w
∗
, q∆(A)q = [M∗M ]−w
∗
.
Define N = pM. Then, we have that
(pM)(pM)∗(pM) = pMM∗pM ⊆ pMM∗∆(B)M ⊆ p∆(B)M ⊆ pM.
Thus, N is a TRO. Then, we have that
pBp = [pMqAqM∗p]−w
∗
= [NqAqN∗]−w
∗
= [N(N∗NqAqN∗N)N∗]−w
∗
,
and therefore
[N∗pBpN ]−w
∗
= [N∗NqAqN∗N ]−w
∗
.
Thus,
pBp ∼TRO [N∗NqAqN∗N ]−w∗ .
Therefore,
C ∼TRO [N∗NqAqN∗N ]−w∗ .
We may assume that there exists a TRO L such that
(2.1) C = [LN∗NqAqN∗NL∗]−w
∗
, [N∗NqAqN∗N ]−w
∗
= [L∗CL]−w
∗
.
We make the following observations:
(2.2) [Nq∆(A)qN∗]−w
∗
= [pMM∗MM∗p]−w
∗
= [pMM∗p]−w
∗
= [NN∗]−w
∗
.
Furthermore, N∗N =M∗pM ⊆ [M∗M ]−w∗ = q∆(A)q. Thus,
(2.3) L∗L ⊆ ∆([N∗NqAqN∗N ]−w∗) ⊆ q∆(A)q.
Define D = [LN∗Nq]−w
∗
. We shall prove that D is a TRO. We have that
(LN∗Nq)(qN∗NL∗)(LN∗Nq) = LN∗NqN∗(NL∗LN∗)Nq.
By (2.3), it holds that
NL∗LN∗ ⊆ Nq∆(A)qN∗ ⊆ NN∗.
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Thus,
DD∗D ⊆ [LN∗NqN∗NN∗Nq]−w∗ .
By (2.2), we have that NqN∗ ⊆ NN∗. Thus,
DD∗D ⊆ [LN∗NN∗NN∗Nq]−w∗ = D.
Thus, D is a TRO. By (2.1), we have that
C = [DAD∗]−w
∗
.
Furthermore,
D∗D = qN∗NL∗LN∗Nq.
By (2.3), we have that
D∗D ⊆ qN∗Nq∆(A)qN∗Nq.
In addition, by (2.2) we have that
D∗D ⊆ qN∗NN∗Nq ⊆ qN∗Nq ⊆ q∆(A)q ⊆ A.
Thus, by Remark 2.4 (ii), we have that C ⊂TRO A. 
Remark 2.7. In light of the above proposition, one could expect that the rela-
tion ⊂TRO is a partial order relation in the class of unital w∗-closed operator
algebras, if we identify those algebras that are TRO-equivalent. This means
that ⊂TRO has the additional property that
A ⊂TRO B, B ⊂TRO A⇒ A ∼TRO B.
This is true in the case of von Neumann algebras, as we will show in Section
1.3. However, it fails in the case of non-self-adjoint algebras, as we prove in
Section 1.4.
The following Lemma will be useful.
Lemma 2.8. Let B be a w∗-closed unital operator algebra acting on the
Hilbert space H, and let q ∈ B be a projection. If p is the projection
onto ∆(B)(q(H)), then p is a central projection for the algebra ∆(B), and
qBq ∼TRO pBp.
Proof. Clearly, p is a central projection for ∆(B). We consider the TRO
M = ∆(B)q ⊆ B(q(H), p(H)).
We have that
M(q(H)) = p(H), M∗(p(H)) = q(H),
and
M∗pBpM ⊆ qBq, MqBqM∗ ⊆ pBp.
Then, Proposition 2.1 in [8] implies that
[M∗pBpM ]−w
∗
= qBq, [MqBqM∗]−w
∗
= pBp.
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
2.2. ∆-embeddings for dual operator algebras.
Definition 2.4. Let A,B be dual operator algebras. We say that B weakly
∆-embeds into A if there exist w∗-continuous completely isometric homomor-
phisms α : A → α(A), β : B → β(B) such that β(B) ⊂TRO α(A). In this
case, we write B ⊂∆ A.
The following theorem is a generalisation of Theorem 2.2.
Theorem 2.9. Let A,B be unital dual operator algebras. Then, the following
are equivalent:
(i) There exist reflexive lattices L1,L2 acting on the Hilbert spaces H and
K, respectively, w∗-continuous completely isometric onto homomorphisms
α : A→ Alg(L1), β : B → Alg(L2),
and an onto w∗-continuous ∗-homomorphism
θ : ∆(A)′ = L′′1 → ∆(B)′ = L′′2
such that θ(L1) = L2.
(ii) B ⊂∆ A.
(iii) There exists a cardinal I, a projection q ∈ A, and a w∗-continuous
completely isometric homomorphism from MI(B) onto MI(qAq).
Proof. The equivalence of (ii) and (iii) is a consequence of Definition 2.4 and
Theorem 2.2.
(i)⇒ (ii)
It suffices to prove that
Alg(L2) ⊂TRO AlgL1.
Define the lattice
L = {
(
l 0
0 θ(l)
)
: l ∈ L1}
and the spaces
U = {x : l⊥xθ(l) = 0 ∀ l ∈ L1}, V = {y : θ(l)⊥yl = 0 ∀ l ∈ L1}.
We can easily prove that
Alg(L) =
(
Alg(L1) U
V Alg(L2)
)
.
Because the map
ρ : L′′1 → L′′, a→
(
a 0
0 θ(a)
)
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is a ∗-isomorphism such that θ(L1) = L, from Theorem 3.3 in [8] we have
that
Alg(L1) ∼TRO Alg(L).
Define the TRO
M = (0 C).
Now, observe that
MAlg(L)M∗ = Alg(L2)
and
M∗M ⊆ Alg(L).
Thus,
Alg(L2) ⊂TRO AlgL.
Then, Proposition 2.6 implies that
Alg(L2) ⊂TRO AlgL1.
(iii)⇒ (i)
Suppose that MI(B) and MI(qAq) are completely isometrically and w
∗-
homeomorphically isomorphic. Then, B ∼∆ qAq. Every unital dual operator
algebra has a w∗-completely isometric representation whose image is reflexive.
Thus, we may assume that α : A → B(H) is a w∗-continuous completely
isometric homomorphism such that α(A) = Alg(L1) for a reflexive lattice L1.
If p = α(q), then
α(qAq) = Alg(L1|p(H)).
Theorem 2.7 in [10] implies that there exists a reflexive lattice L2 and a
w∗-continuous completely isometric homomorphism β : B → Alg(L2) such
that
Alg(L2) ∼TRO Alg(L1|p(H)).
Thus, by Theorem 3.3 in [8] there exists a ∗-isomorphism ρ : (L1|p(H))′′ → L′′2
such that ρ(L1|p(H)) = L2. If τ : L′′1 → L′′1|p(H) : x → x|p(H), then we write
θ = ρ ◦ τ. This is the required map. 
Theorem 2.10. Let A,B,C be unital dual operator algebras such that
C ⊂∆ B, B ⊂∆ A.
Then, C ⊂∆ A.
Proof. We may assume that there exist projections p ∈ B, q ∈ A such that
C ∼TRO pBp, β(B) ∼TRO qAq,
where β : B → β(B) is a w∗-continuous completely isometric homomor-
phism. From Theorem 2.7 in [10], we know that for the representation
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β|pBp : pBp → β(p)β(B)β(p) there exists a w∗-continuous completely iso-
metric homomorphism γ : C → γ(C) such that
γ(C) ∼TRO β(p)β(B)β(p).
By Proposition 2.6, we have that
β(p)β(B)β(p) ⊂TRO qAq.
Because qAq ⊂TRO A, we have that γ(C) ⊂TRO A, and thus C ⊂∆ A. 
Remark 2.11. In view of Theorem 2.10, one should expect that weak ∆-
embedding is a partial order relation in the class of unital dual operator al-
gebras if we identify those unital dual operator algebras that are weakly ∆-
equivalent. Thus, one should expect that A ⊂∆ B, B ⊂∆ A ⇒ A ∼∆ B.
In Section 1.4 we shall see that this is not true. However, in the case of von
Neumann algebras, this is indeed true. For further details, see Section 2.3
below.
Example 2.12. Let A = Alg(N1), B = Alg(N2), where N1 is a continuous
nest, and N2 is a nest with at least one atom. We shall prove that it is
impossible that B ⊂∆ A.
Proof. Suppose on the contrary that B ⊂∆ A. Thus, there exists a projection
p ∈ ∆(A) such that B ∼∆ pA|p. Because B and pA|p are nest algebras, it
follows from Theorem 3.2 in [10] that B ∼TRO pA|p. Thus, by Theorem 3.3 in
[8] there exists a homeomorphism θ : N2 → N1|p. This is impossible, because
N2 contains an atom, and N1|p is a continuous nest. 
2.3. The case of von Neumann algebras.
Lemma 2.13. Let A be a von Neumann algebra, and let p, q be central pro-
jections of A such that p ≤ q and A ∼TRO Ap. Then, A ∼TRO Aq.
Proof. By Theorem 3.3 in [8], there exists a ∗-isomorphism θ : A′ → A′p. We
need to prove that there exists a ∗-isomorphism ρ : A′ → A′q. Suppose that
e0 = IdA, e1 = q, e2 = p, en = θ(en−2), n = 2, 3, ...
Clearly (en)n is a decreasing sequence of central projections. Observe that
e0 =
(
∞∑
n=0
⊕(e2n − e2n+1)⊕ (e2n+1 − e2n+2)
)
⊕ ∧nen.
Thus, the map ρ : A′ → A′q sending
a =
(
∞∑
n=0
⊕a(e2n − e2n+1)⊕ a(e2n+1 − e2n+2)
)
⊕ (a ∧n en)
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to
ρ(a) =
(
∞∑
n=0
⊕θ(a)(e2n+2 − e2n+3)⊕ a(e2n+1 − e2n+2)
)
⊕ (a ∧n en)
is a ∗-isomorphism . 
The above Lemma is based on the fact if p, q are central projections of the
von Neumann algebra A such that p ≤ q and A ∼= Ap, then A ∼= Aq, where∼= is the ∗-isomorphism. We acknowledge that this was known to the authors
of [5] (see the proof of Lemma 6.2.3). In this Lemma, an alternative proof to
ours was provided.
Theorem 2.14. The relation ⊂TRO is a partial order relation for von Neu-
mann algebras, if we identify those von Neumann algebras that are TRO-
equivalent.
Proof. Let A,B be von Neumann algebras. It suffices to prove the implication
that
A ⊂TRO B, B ⊂TRO A⇒ A ∼TRO B.
Let q0 ∈ B, p0 ∈ A be projections such that
A ∼TRO q0Bq0, B ∼TRO p0Ap0.
By Lemma 2.8, there exist central projections q ∈ B, p ∈ A such that
A ∼TRO Bq, B ∼TRO Ap.
Thus, there exist ∗-isomorphisms
θ : A′ → B′q, ρ : B′ → A′p.
We can easily see that there exists a central projection pˆ ∈ A such that pˆ ≤ p
and
ρ(B′q) = A′pˆ.
Therefore, we obtain a ∗-isomorphism from A′ onto A′pˆ. Because pˆ ≤ p and
p, pˆ are central, Lemma 2.13 implies that there exists a ∗-isomorphism from
A′ onto A′p. Thus, A ∼TRO Ap, which implies that A ∼TRO B. 
Theorem 2.15. Let A,B be von Neumann algebras. Then, the following are
equivalent:
(i) There exist ∗-isomorphisms α : A → α(A), β : B → β(B) and a w∗-
continuous onto ∗-homomorphism θ : α(A)′ → β(B)′.
(ii) B ⊂∆ A.
(iii) There exists a cardinal I and a w∗-continuous onto ∗-homomorphism
ρ :MI(A)→ MI(B).
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Proof. The equivalence of (i) and (ii) is a consequence of Theorem 2.9.
(ii)⇒ (iii)
Suppose thatB ⊂∆ A. By Theorem 2.9, we may assume that there exists a w∗-
continuous onto ∗-homomorphism θ : A′ → B′. Suppose that A′p⊥ = Kerθ
for a projection p in the centre of A. We also assume that A ⊆ B(H). Then,
the map
A′|p(H)→ B′ : a|p(H) → θ(a)
is a ∗-isomorphism. Because
(A|p(H))′ = A′|p(H),
Theorem 2.1 implies that there exists a cardinal I and a w∗-continuous onto
∗-isomorphism
MI(pAp)→MI(B).
(iii)⇒ (ii)
Suppose that ρ :MI(A)→ MI(B) is a w∗-continuous onto ∗-homomorphism.
Let p be a projection in the centre of MI(A) such that
MI(A)p
⊥ = Kerρ.
Because Z(MI(A)) = Z(A)
I , where Z(A) (resp. Z(MI(A))) is the centre of
A (resp. MI(A)), we may assume that p = q
I for q ∈ Z(A). Thus, the map
MI(Aq)→MI(B) : (ai,jq)→ ρ((ai,j))
is a ∗-isomorphism. Then, Theorem 2.9 implies that B ⊂∆ A. 
Theorem 2.16. The weak ∆-embedding is a partial order relation in the class
of von Neumann algebras, if we identify those von Neumann algebras that are
weakly Morita equivalent in the sense of Rieffel.
Proof. Claim: Let A be a von Neumann algebra, and let r ∈ A be a projec-
tion such that A ∼∆ rAr. If q is a projection in A such that r ≤ q, then it
also holds that A ∼∆ qAq.
Proof of the claim: There exists a cardinal I such that the algebras
MI(A) andMI(rAr) are ∗- isomorphic. We suppose thatM =MI(A), N =
MI(qAq). Then, we have that M ∼= MI(rAr) = rINrI and N ∼= qIMqI .
By Lemma 6.2.3 in [5], the von Neumann algebras M and N are stably
isomorphic. Thus, M ∼∆ N. However,
A ∼TRO M, qAq ∼TRO N.
Therefore, A ∼∆ qAq, and the proof of the claim is complete.
To prove the theorem, it suffices to prove that if A,B are von Neumann
algebras such that A ⊂∆ B, B ⊂∆ A, then A ∼∆ B. We may assume that
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there exist projections p ∈ B, q ∈ A and w∗-continuous completely isometric
homomorphisms α : A→ α(A), β : B → β(B), such that
α(A) ∼TRO pBp, β(B) ∼TRO qAq.
For the representation β|pBp : pBp → β(p)β(B)β(p), there exists a w∗-
continuous one-to-one ∗-homomorphism γ : α(A)→ γ(α(A)) such that
γ(α(A)) ∼TRO β(p)β(B)β(p).
By Proposition 2.6, we have that
β(p)β(B)β(p) ⊂TRO qAq.
Therefore, there exists a projection r ≤ q such that
γ(α(A)) ∼TRO rAr ⇒ A ∼∆ rAr.
The claim implies that A ∼∆ qAq. However, qAq ∼∆ B. Thus A ∼∆ B. Thus,
the proof is complete. 
Corollary 2.17. Let A,B be von Neumann algebras, I, J be cardinals, and
θ :MI(A)→ MI(B), ρ :MJ(B)→MJ(A)
be onto w∗-continuous homomorphisms. Then, A ∼∆ B.
Proof. By Theorem 2.15, A ⊂∆ B and B ⊂∆ A. The conclusion then follows
from the above theorem. 
Corollary 2.18. Let A,B be unital dual operator algebras such that A ⊂∆ B
and B ⊂∆ A. Then, ∆(A) ∼∆ ∆(B).
Proof. We can easily see that ∆(A) ⊂∆ ∆(B) and ∆(B) ⊂∆ ∆(A). Now, we
can apply the above theorem. 
Example 2.19. Let A be a factor, and B be a unital dual operator algebra
such that B ⊂∆ A. Then, B is a von Neumann algebra, and B ∼∆ A.
Proof. There exist a ∗-isomorphism α : A → α(A), a w∗- continuous com-
pletely isometric homomorphism β : B → β(B), and a TRO M such that if
p is the projection onto [MM∗]−w
∗
, then
β(B) = [M∗α(A)M ]−w
∗
, pα(A)p = [Mβ(B)M∗]−w
∗
.
Define N = [α(A)pM ]−w
∗
. Because
MM∗pα(A) ⊆ pα(A) ⊆ α(A),
it follows that
pMM∗p ⊆ α(A)⇒ [α(A)pMM∗pα(A)]−w∗ = [NN∗]−w∗
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is an ideal of α(A). However, α(A) is a factor, and thus α(A) = [NN∗]−w
∗
.
On the other hand,
[N∗N ]−w
∗
= [M∗pα(A)α(A)pM ]−w
∗
= [M∗α(A)M ]−w
∗
= β(B).
Thus, A and B are weakly Morita equivalent in the sense of Rieffel. However,
in the case of von Neumann algebras, Rieffel’s Morita equivalence is the same
as ∆-equivalence. 
2.4. A counterexample in non-self-adjoint operator algebras. Despite
the situation for von Neumann algebras, we shall prove that if A,B are uni-
tal non-self-adjoint dual operator algebras, it does not always hold that the
implication
(2.4) A ⊂∆ B, B ⊂∆ A⇒ A ∼∆ B.
By Theorem 3.12 in [10], if A,B are nest algebras, then
A ∼∆ B ⇔ A ∼TRO B.
Because for every nest algebra B and every projection p ∈ B the algebra pBp
is a nest algebra, we can conclude that
A ⊂∆ B ⇔ A ⊂TRO B.
Thus, in order to prove that (2.4) does not hold, it suffices to find nest algebras
A and B such that A ⊂TRO B, B ⊂TRO A and A is not TRO-equivalent
to B. Let m be the Lebesgue measure on the Borel sets of the interval [0, 1].
Suppose that Q is the set of rationals, and Q+ (resp. Q−) is the projection
onto l2(Q∩ [0, t]) (resp. l2(Q∩ [0, t)) ). Furthermore, let Nt be the projection
onto L2([0, t], m) for 0 ≤ t ≤ 1. We define the nest
N = {Q+t ⊕Nt, Q−t ⊕Nt, 0 ≤ t ≤ 1}.
By A = Alg(N ), we denote the corresponding nest algebra acting on the
Hilbert space
H = l2(Q ∩ [0, 1])⊕ L2([0, 1], m).
The above nest appeared in Example 7.18 in [6]. Suppose that f(t) = 1
2
, t ∈
[0, 1], and define
M = {Q+
f(t) ⊕Nf(t), Q−f(t) ⊕Nf(t), 0 ≤ t ≤ 1}.
We can define a unitary
u2 : L
2([0, 1])→ L2([0, 1
2
])
such that u2(χΩ) =
√
2χf(Ω) where χΩ is the characteristic function of the
Borel set Ω. This unitary maps Nt onto Nf(t) in the sense that
u2Ntu
∗
2 = Nf(t), 0 ≤ t ≤ 1.
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Furthermore, the map
{Q+t , Q−t : 0 ≤ t ≤ 1} −→ {Q+f(t), Q−f(t) : 0 ≤ t ≤ 1}
sending Qjt onto Q
j
f(t) for j = +,− is a nest isomorphism. Because these nests
are multiplicity free (they generate a maximal abelian self-adjoint algebra,
referred to as an MASA from this point) and totally atomic, the above map
extends as a ∗-isomorphism between the corresponding MASAs. Thus, there
exists a unitary
u1 : l
2(Q ∩ [0, 1])→ l2(Q ∩ [0, 1
2
])
such that
u2Q
+
t u
∗
2 = Q
+
f(t), u2Q
−
t u
∗
2 = Q
−
f(t), 0 ≤ t ≤ 1.
Therefore, the unitary u = u1⊕ u2, implies a unitary equivalence between N
and M.
Let s be the projection
s : l2(Q ∩ [0, 1])→ l2(Q ∩ [0, 1
2
])
and r be the projection
r : L2([0, 1], m)→ L2([0, 1
2
], m).
If p = s⊕ r, then p ∈ A and pAp = Alg(M). By the above arguments, A and
pAp are unitarily equivalent, and thus they are TRO-equivalent. Suppose
that q0 is the projection
q0 =
(
0 0
0 IL2([0,1])−r
)
∈ A
and q = p+ q0. Because p ≤ q ≤ IdA, we have that
pAp ⊂TRO qAq ⊂TRO A.
However, A ∼TRO pAp. This implies that A ⊂TRO qAq. Thus, if (2.4) holds,
then we should have that
A ∼TRO qAq.
Suppose that L is the nest Lat(qAq). By Theorem 3.3 in [8], there exists a
∗-isomorphism
θ : ∆(A)′ → (∆(A)|q(H))′
such that θ(N ) = L. However, the algebras ∆(A),∆(A)|q(H) are MASAs.
Therefore, there exists a unitary w : q(H)→ H such that
θ(x) = w∗xw, ∀x ∈ ∆(A) = ∆(A)′.
We have that
A = wqAqw∗.
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We can easily see that L = L1 ∪ L2, where
L1 = {Q+t ⊕Nt, Q−t ⊕Nt, 0 ≤ t ≤
1
2
}
and
L2 = {Q+1
2
⊕Nt, 1
2
≤ t ≤ 1}.
Observe that L1 ≤ L0 ≤ L2 for all Li ∈ Li, i = 1, 2 where L0 = Q+1
2
⊕N 1
2
. If
M0 = wL0w
∗, N1 = wL1w∗, N2 = wL2w∗,
then
M1 ≤ M0 ≤M2
for all Mi ∈ Ni, i = 1, 2. Suppose that M0 = Q+t0 ⊕Nt0 . Then,
N2 = {Q+t ⊕Nt, Q−t ⊕Nt, t0 ≤ t ≤ 1}.
If
Lˆ2 = {(Q+1
2
⊕Nt)− L0 : 1
2
≤ t ≤ 1},
we can consider Lˆ2 to be a nest acting on L2([12 , 1], m). Furthermore, if
Nˆ2 = {(Q+t ⊕Nt)−M0, (Q−t ⊕Nt)−M0, t0 ≤ t ≤ 1},
then Lˆ2 and Nˆ2 are isomorphic nests. However, this is impossible, because Lˆ2
is a continuous nest and Nˆ2 is a nest with atoms. This contradiction shows
that A and qAq are not TRO-equivalent.
Remark 2.20. Let A and q be as above. As we have seen, qAq ⊂∆ A, A ⊂∆
qAq but A and qAq are not ∆-equivalent. We can prove further that they are
not Morita equivalent even in the sense of Blecher and Kashyap [1], [14]. If
they were, then by [11] N and L would be isomorphic as nests. However, we
can see that this is impossible by applying the same arguments as above.
3. Morita embeddings for dual operator spaces
Definition 2.1 can be adapted to the setting of dual operator spaces as
follows.
Definition 3.1. [13] Let H1, H2, K1, K2 be Hilbert spaces, and let
X ⊆ B(H1, H2), Y ⊆ B(K1, K2)
be w∗-closed spaces. We call these weakly TRO-equivalent if there exist TROs
Mi ⊆ B(Hi, Ki), i = 1, 2 such that
X = [M∗2YM1]
−w∗ , Y = [M2XM
∗
1 ]
−w∗.
In this case, we write X ∼TRO Y.
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Remark 3.1. IfW1,W2 are Hilbert spaces and Z is a subspace of B(W1,W2),
then we call it nondegenerate if Z(W1) = W2, Z∗(W2) =W1. If H1, H2, K1,
K2, X, Y are as in the above definition, p2 (resp. q2) is the projection onto
X(H1) (resp. Y (K1)), and p1 (resp. q1) is the projection onto X∗(H2) (resp.
Y ∗(K2)), then the spaces p2X|p1(H1), q2Y |q1(K1) are nondegenerate, and also
weakly TRO-equivalent. This can be concluded from Proposition 2.2 in [13].
The following defines our notion of weak Morita equivalence for dual oper-
ator spaces.
Definition 3.2. [13] Let X, Y be dual operator spaces. We call these weakly
∆-equivalent if there exist w∗-continuous completely isometric maps φ, ψ, re-
spectively, such that φ(X) ∼TRO ψ(Y ). In this case, we write X ∼∆ Y.
The following theorem constitutes the main result of [13].
Theorem 3.2. Let X, Y be dual operator spaces. Then, the following are
equivalent:
(i) X ∼∆ Y.
(ii) There exists a cardinal I and a w∗-continuous completely isometric
map from MI(X) onto MI(Y ).
Remark 3.3. Throughout Section 3, we shall employ the following notation.
If H1, H2 are Hilbert spaces, X ⊆ B(H1, H2) is a w∗-closed subspace, and
q ∈ B(H1), p ∈ B(H2) are projections such that pX ⊆ X, Xq ⊆ X, then by
pXq we denote the space {pxq : x ∈ X} ⊆ B(H1, H2). This space is w∗-closed
and completely isometrically and w∗-homeomorphically isomorphic with the
space pX|q(H1) ⊆ B(q(H1), p(H2)).
3.1. TRO-embeddings for dual operator spaces.
Definition 3.3. Let H1, H2, K1, K2 be Hilbert spaces, and let X ⊆ B(H1, H2),
Y ⊆ B(K1, K2) be w∗-closed spaces. We say that Y weakly TRO embeds into
X if there exist TROs M1 ⊆ B(H1, K1) and M2 ⊆ B(H2, K2) such that
Y = [M2XM
∗
1 ]
−w∗, M∗2YM1 ⊆ X and M∗2M2X ⊆ X, XM∗1M1 ⊆ X. In
this case, we write Y ⊂TRO X.
Remark 3.4. We can easily see that if Y ⊂TRO X, then there exist projec-
tions p, q such that pX ⊆ X, Xq ⊆ X and Y ∼TRO pXq.
Examples 3.5. (i) If X ∼TRO Y , then clearly X ⊂TRO Y and Y ⊂TRO X.
(ii) If Ki,Wi, i = 1, 2 are Hilbert spaces,
Y ⊆ B(K1, K2), Z ⊆ B(W1,W2)
are w∗-closed spaces, and
X = Y ⊕ Z ⊆ B(K1 ⊕W1, K2 ⊕W2),
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then Y ⊂TRO X. For the proof, we apply the TROs M1 = (CIK1 , 0), M2 =
(CIK2, 0).
(iii) If X ⊆ B(H1, H2) is a w∗-closed operator space and p ∈ B(H2), q ∈
B(H1) are projections such that pX ⊆ X, Xq ⊆ X, then pXq ⊂TRO X.
(iv) A generalisation of W ∗-modules over von Neumann algebras is given
by the projectively w∗-rigged modules over unital dual operator algebras. See
[2] for more details. Given a unital dual operator algebra A, a projectively
w∗-rigged module over A is a dual operator space Z that is completely isomet-
rically and w∗-homeomorphically isomorphic to a space Y = [MA]−w
∗
, where
M is a TRO satisfying M∗M ⊆ A. Observe that Y = [MAC]−w∗ , M∗YC ⊆
A and M∗MA ⊆ A, AC ⊆ A. Thus, Y ⊂TRO A. Therefore, for every pro-
jectively w∗-rigged module Z over a unital dual operator algebra A, we have
that Z ⊂∆ A. Here, ⊂∆ is the relation defined in Definition 3.4 below.
Proposition 3.6. Let X, Y, Z be w∗-closed operator spaces. If
Z ⊂TRO Y, Y ⊂TRO X,
then there exist projections p, q such that pX ⊆ X, Xq ⊆ X and Z ⊂TRO
pXq.
Proof. There exist projections p, q, r, s such that
pX ⊆ X, Xq ⊆ X, rY ⊆ Y, Y s ⊆ Y
and TROs Mi, Ni, i = 1, 2 such that
Y = [M2pXqM
∗
1 ]
−w∗, pXq = [M∗2YM1]
−w∗,
Z = [N2rY sN
∗
1 ]
−w∗, rY s = [N∗2ZN1]
−w∗ .
We may assume that
M2p =M2, M1q =M1, N2r = N2, N1s = N1.
Suppose that Di is the W
∗-algebra generated by the set
{MiM∗i } ∪ {N∗i Ni}, i = 1, 2.
Define
Li = [NiDiMi]
−w∗ , i = 1, 2.
Because M1M
∗
1 ⊆ D1, N∗1N1 ⊆ D1, it follows that
N1D1M1M
∗
1D1N
∗
1N1D1M1 ⊆ N1D1M1,
and thus
L1L
∗
1L1 ⊆ L1.
Therefore, L1, and similarly L2, are TROs. Now, we have that
[L2pXqL
∗
1]
−w∗ = [N2D2M2pXqM
∗
1D1N
∗
1 ]
−w∗ = [N2D2Y D1N
∗
1 ]
−w∗ .
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Because
[M2M
∗
2Y ]
−w∗ = Y = [YM1M
∗
1 ]
−w∗, N∗2N2Y ⊆ Y, Y N∗1N1 ⊆ Y,
we have that D2Y = Y = Y D1. Thus,
(3.1) [L2pXqL
∗
1]
−w∗ = [N2Y N
∗
1 ]
−w∗ = [N2rY sN
∗
1 ]
−w∗ = Z.
Furthermore,
L∗2ZL1 ⊆ [M∗2D2N∗2ZN1D1M1]−w
∗
= [M∗2D2rY sD1M1]
−w∗ ⊆
[M∗2D2Y D1M1]
−w∗ = [M∗2YM1]
−w∗ .
Thus,
(3.2) L∗2ZL1 ⊆ pXq.
On the other hand,
L∗2L2pXq ⊆ [M∗2D2N∗2N2D2M2pXq]−w
∗ ⊆ [M∗2D2M2pXq]−w
∗
=
[M∗2D2M2M
∗
2YM1]
−w∗ ⊆ [M∗2YM1]−w
∗
.
Thus, L∗2L2pXq ⊆ pXq, and similarly pXqL∗1L1 ⊆ pXq. Therefore, the rela-
tions (3.1) and (3.2) imply that Z ⊂TRO pXq. 
Remark 3.7. From the above proof, we isolate the fact that if Z ⊂TRO Y
and Y ∼TRO X, then Z ⊂TRO X.
3.2. ∆-embeddings for dual operator spaces.
Definition 3.4. Let X, Y be dual operator spaces. We say that Y weakly
∆-embeds into X if there exist w∗-continuous completely isometric maps
φ : X → φ(X), ψ : Y → ψ(Y )
such that ψ(Y ) ⊂TRO φ(X). In this case, we write Y ⊂∆ X.
Definition 3.5. Let X, Y be dual operator spaces. A map φ : X → Y
that is one-to-one, w∗-continuous, and completely bounded with a completely
bounded inverse is called a w∗-c.b. isomorphism, and the spaces X, Y are
called w∗-c.b. isomorphic. Under the above assumptions, the map φ−1 is also
w∗-continuous.
Definition 3.6. Let X, Y be dual operator spaces. We call these c.b. ∆-
equivalent if there exist w∗- c.b. isomorphisms φ : X → φ(X), ψ : Y → ψ(Y )
such that φ(X) ∼TRO ψ(Y ). In this case, we write X ∼cb∆ Y.
Definition 3.7. Let X, Y be dual operator spaces. We say that Y c.b. ∆-
embeds into X if there exist w∗-c.b. isomorphisms φ : X → φ(X), ψ : Y →
ψ(Y ) such that ψ(Y ) ⊂TRO φ(X). In this case, we write Y ⊂cb∆ X.
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Remark 3.8. Observe the following:
(i) X ∼∆ Y ⇒ X ∼cb∆ Y
(ii) X ⊂∆ Y ⇒ X ⊂cb∆ Y
In what follows, if X is a dual operator space, then Ml(X) (resp. Mr(X))
denotes the algebra of left (resp. right) multipliers of X. In this case, Al(X) =
∆(Ml(X)), (resp. Ar(X) = ∆(Mr(X))) is a von Neumann algebra [3].
Lemma 3.9. Suppose that Z, Y are w∗-closed operator spaces satisfying Z ∼TRO
Y, H1, H2 are Hilbert spaces such that
Al(Y ) ⊆ B(H2), Ar(Y ) ⊆ B(H1),
and ψ : Y → B(H1, H2) is a w∗-continuous complete isometry such that
Al(Y )ψ(Y )Ar(Y ) ⊆ ψ(Y ).
Then, there exists a w∗-continuous complete isometry ζ : Z → ζ(Z) such that
ζ(Z) ∼TRO ψ(Y ).
Proof. Assume that M1,M2 are TROs such that
Z = [M∗2YM1]
−w∗ , Y = [M2ZM
∗
1 ]
−w∗.
By Remark 3.1, we may assume that Z and Y are nondegenerate spaces. We
denote
A = [M∗2M2]
−w∗, B = [M∗1M1]
−w∗, C = [M2M
∗
2 ]
−w∗, D = [M1M
∗
1 ]
−w∗ .
The algebras
Ω(Z) =
(
A Z
0 B
)
, Ω(Y ) =
(
C Y
0 D
)
are weakly TRO-equivalent as algebras. Indeed,
Ω(Z) = [M∗Ω(Y )M ]−w
∗
, Ω(Y ) = [MΩ(Z)M∗]−w
∗
,
where M is the TRO M2 ⊕M1. If c ∈ C, then define
γ(c) : ψ(Y )→ ψ(Y ), γ(c)ψ(y) = ψ(cy).
We can easily see that γ(c) ∈ Al(Y ) and ‖γ(c)‖ ≤ 1. Thus, γ : C → Al(Y )
is a contractive homomorphism and hence a ∗-homomorphism. If γ(c) = 0,
then cY = 0. Because Y is nondegenerate, we conclude that c = 0. Thus,
γ is a one-to-one ∗-homomorphism. Similarly, there exists a one-to-one ∗-
homomorphism δ : D → Ar(Y ) such that ψ(y)δ(d) = ψ(yd), ∀ y. The map
pi : Ω(Y )→ pi(Ω(Y )), given by
pi
((
c y
0 d
))
=
(
γ(c) ψ(y)
0 δ(d)
)
,
is a w∗-continuous completely isometric homomorphism. This can be shown
by applying 3.6.1 in [3]. By Theorem 2.7 in [10], there exists a w∗-continuous
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completely isometric homomorphism ρ : Ω(Z)→ ρ(Ω(Z)) and a TRO N such
that
ρ(Ω(Z)) = [N∗pi(Ω(Y ))N ]w
∗
, pi(Ω(Y )) = [Nρ(Ω(Z))N∗]w
∗
.
As in the discussion concerning the map Φ below Theorem 2.5 in [13], the
map ρ is given by
ρ
((
a z
0 b
))
=
(
α(a) ζ(z)
0 β(b)
)
,
where α : A→ α(A), ζ : Z → ζ(Z), β : B → β(B) are completely isometric
maps. By Lemma 2.8 in [13], the TRO N is of the form N = N2⊕N1. Thus,
ζ(Z) = [N∗2ψ(Y )N1]
−w∗ , ψ(Y ) = [N2ζ(Z)N
∗
1 ]
−w∗ .

Lemma 3.10. Let Z,Ω, X be dual operator spaces. We assume that Z ∼TRO
Ω, and that ψ0 : Ω → ψ0(Ω) is a w∗-continuous complete isometry such that
ψ0(Ω) ⊂TRO X. Then, there exists a w∗-c.b. isomorphism φˆ : X → φˆ(X) and
a w∗-continuous complete isometry ζ : Z → ζ(Z) such that ζ(Z) ⊂TRO φˆ(X).
Thus, Z ⊂cb∆ X.
Proof. Suppose that
Al(Ω) ⊆ B(H2), Ar(Ω) ⊆ B(H1)
and ψ : Ω→ B(H1, H2) is a w∗-continuous complete isometry such that
Al(Ω)ψ(Ω)Ar(Ω) ⊆ ψ(Ω).
By Lemma 3.9, there exists a w∗-continuous complete isometry ζ : Z → ζ(Z)
such that
ζ(Z) ∼TRO ψ(Ω).
We assume that p, q are projections such that pX ⊆ X,Xq ⊆ X and
ψ0(Ω) ∼TRO pXq.
Again by Lemma 3.9, there exists a w∗-continuous complete isometry φ :
pXq → φ(pXq) such that ψ(Ω) ∼TRO φ(pXq). Define
φˆ(x) =

 φ(pxq) 0 00 p⊥xq 0
0 0 xq⊥

 ,
for all x ∈ X. Observe that φˆ is a w∗-continuous completely bounded and
one-to-one map. If φˆ∞ is the∞×∞ amplification of φˆ, then φˆ∞ has a closed
range. Thus, by the open mapping theorem, φˆ∞ has a bounded inverse.
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Therefore, φˆ−1 is completely bounded. We have that ζ(Z) ∼TRO φ(pXq).
Thus, there exist TROs M1,M2 such that
ζ(Z) = [M2φ(pXq)M
∗
1 ]
−w∗ , φ(pXq) = [M∗2 ζ(Z)M1]
−w∗.
Define the TROs
Ni =
(
Mi 0 0
)
, i = 1, 2.
We can see that
[N2φˆ(X)N
∗
1 ]
−w∗ = ζ(Z), N∗2 ζ(Z)N1 ⊆ φˆ(X)
and
N∗2N2φˆ(X) ⊆ φˆ(X), φˆ(X)N∗1N1 ⊆ φˆ(X).
Thus, ζ(Z) ⊂TRO φˆ(X). 
Theorem 3.11. Let X, Y be dual operator spaces. Then, the following are
equivalent.
(i) Y ⊂cb∆ X.
(ii) There exist w∗-c.b. isomorphisms ψ : Y → ψ(Y ), φ : X → φ(X);
projections p, q such that pφ(X) ⊆ φ(X), φ(X)q ⊆ φ(X); a cardinal I; and
a completely isometric w∗-continuous onto map
pi :MI(ψ(Y ))→ MI(pφ(X)q).
Proof.
(i)⇒ (ii)
By definition, there exist w∗-c.b. isomorphisms ψ : Y → ψ(Y ), φ : X →
φ(X) such that
ψ(Y ) ⊂TRO φ(X).
There exist projections p, q such that pφ(X) ⊆ φ(X), φ(X)q ⊆ φ(X)
and ψ(Y ) ∼TRO pφ(X)q. By Theorem 3.2, there exists a cardinal I and a
completely isometric w∗-continuous onto map
pi :MI(ψ(Y ))→ MI(pφ(X)q).
(ii)⇒ (i)
Define
φˆ(x) =

 pφ(x)q 0 00 p⊥φ(x)q 0
0 0 φ(x)q⊥

 ,
for all x ∈ X. As in the proof of Lemma 3.10, we can see that φˆ is a w∗-c.b.
isomorphism. By Example 3.5 (ii), we have that
pφ(X)q ⊂TRO φˆ(X).
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By Theorem 3.2, it holds that ψ(Y ) ∼∆ pφ(X)q. Thus, there exist completely
isometric w∗-continuous maps
µ : ψ(Y )→ µ(ψ(Y )), χ : pφ(X)q → χ(pφ(X)q)
such that µ(ψ(Y )) ∼TRO χ(pφ(X)q). Now, apply Lemma 3.10 for
Z = µ(ψ(Y )), Ω = χ(pφ(X)q), ψ0 = χ
−1 : Ω→ pφ(X)q.
We have that
ψ0(Ω) ⊂TRO φˆ(X).
We conclude that
µ(ψ(Y )) ⊂cb∆ φˆ(X)⇒ Y ⊂cb∆ X.

Lemma 3.12. Suppose that Z ⊆ B(W1,W2), Y ⊆ B(K1, K2) are w∗-closed
spaces such that Z ⊂TRO Y. We also assume that p2 is the projection onto
Y (K1), and p1 is the projection onto Y ∗(K2). Thus, Y0 = p2Y |p1(K1) is a
nondegenerate space into B(p1(K1), p2(K2)). We shall prove that Z ⊂TRO Y0.
Proof. By definition, there exist TROs Ni ⊆ B(Wi, Ki), i = 1, 2 such that
Z = [N∗2Y N1]
−w∗, N2ZN
∗
1 ⊆ Y, N2N∗2Y ⊆ Y, Y N1N∗1 ⊆ Y.
Define Mi = piNi ⊆ B(Wi, pi(Ki)), i = 1, 2. We have that
p2y = y ⇒ p2m1m∗2y = m1m∗2y, ∀ y ∈ Y, m1, m2 ∈ N2.
Thus,
p2N2N
∗
2 p2 = N2N
∗
2 p2 ⇒ p2N2N∗2 p2 = p2N2N∗2 .
The above relation implies that
M2M
∗
2M2 = p2N2N
∗
2 p2N2 = p2N2N
∗
2N2 ⊆ p2N2 =M2.
Therefore, M2 is a TRO. Similarly, M1 is also a TRO. Now, we have that
[M∗2Y0M1]
−w∗ = [N∗2 p2Y p1N1]
−w∗ = [N∗2Y N1]
−w∗ = Z
and
M2ZM
∗
1 = p2N2ZN
∗
1 p1 ⊆ p2Y p1 = Y0.
Furthermore,
M2M
∗
2Y0 = p2N2N
∗
2 p2Y p1 = p2N2N
∗
2Y p1 ⊆ p2Y p1 = Y0.
Therefore, Y0 is a nondegenerate subspace of B(p1(K1), p2(K2)), and Z ⊂TRO
Y0. 
The Lemma below is weaker than Lemma 3.9.
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Lemma 3.13. Suppose that Z, Y are w∗-closed operator spaces satisfying
Z ⊂TRO Y , H1, H2 are Hilbert spaces such that
Al(Y ) ⊆ B(H2), Ar(Y ) ⊆ B(H1),
and ψ : Y → B(H1, H2) is a w∗-continuous complete isometry such that
Al(Y )ψ(Y )Ar(Y ) ⊆ ψ(Y ).
Then, there exists a w∗-continuous complete isometry ζ : Z → ζ(Z) such that
ζ(Z) ⊂TRO ψ(Y ).
Proof. Assume that M1,M2 are TROs such that
Z = [M∗2YM1]
−w∗ , M2ZM
∗
1 ⊆ Y, M2M∗2Y ⊆ Y, Y M1M∗1 ⊆ Y.
By Lemma 3.12, we may assume that Y is nondegenerate. Suppose that p is
the identity of [M2M
∗
2 ]
−w∗ and q is the identity of [M1M
∗
1 ]
−w∗. Then, we have
that pY ⊆ Y, Y q ⊆ Y. We denote A,B,C,D,Ω(Z) as in Lemma 3.9, and
Ω(pY q) =
(
C pY q
0 D
)
.
If c ∈ C, then define map
ψ(Y )→ ψ(Y ) : ψ(y)→ ψ(cpy).
Clearly, this map belongs to Al(Y ), and thus there exists γ(c) ∈ Al(Y ) satis-
fying
γ(c)ψ(y) = ψ(cpy) ∀ y ∈ Y.
Note that we can define a ∗-homomorphism γ : C → Al(Y ). If γ(c) = 0,
then cy = 0 for all y ∈ Y , and thus because Y is nondegenerate, it follows
that c = 0. Therefore, γ is one-to-one. Similarly, there exists a one-to-one
∗-homomorphism
δ : D → Ar(Y )
such that
ψ(y)δ(d) = ψ(yqd) ∀ y ∈ Y.
We can conclude that there exist projections pˆ ∈ Al(Y ), qˆ ∈ Ar(Y ) such that
ψ(py) = pˆψ(y), ψ(yq) = ψ(y)qˆ, ∀ y ∈ Y.
The map pi : Ω(pY q)→ pi(Ω(pY q)), given by
pi
((
c pyq
0 d
))
=
(
γ(c) ψ(pyq)
0 δ(d)
)
,
is a w∗-continuous completely isometric homomorphism. Because
Ω(Z) ∼TRO Ω(pY q),
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as in Lemma 3.9 we can find a w∗-continuous completely isometric map ζ :
Z → ζ(Z) and TROs N1, N2 such that
ζ(Z) = [N2ψ(pY q)N
∗
1 ]
−w∗ , ψ(pY q) = [N∗2 ζ(Z)N1]
−w∗ ⊆ ψ(Y ),
γ(C) = [N∗2N2]
−w∗ , δ(D) = [N∗1N1]
−w∗.
Because
N∗2N2ψ(Y ) ⊆ γ(C)ψ(Y ) = ψ(CY ) ⊆ ψ(Y ),
and similarly ψ(Y )N∗1N1 ⊆ ψ(Y ), we have that ζ(Z) ⊂TRO ψ(Y ). 
Theorem 3.14. Let X, Y, Z be dual operator spaces such that Z ⊂∆ Y, Y ⊂∆
X. Then:
(i) There exist a w∗ continuous complete isometry χ : X → χ(X) and pro-
jections p, q such that pχ(X) ⊆ χ(X), χ(X)q ⊆ χ(X) and Z ⊂∆ pχ(X)q.
(ii) Z ⊂cb∆ X.
Proof. Suppose that H1, H2 are Hilbert spaces such that
Al(Y ) ⊆ B(H2), Ar(Y ) ⊆ B(H1)
and ψ : Y → B(H1, H2) is a w∗-continuous complete isometry such that
Al(Y )ψ(Y )Ar(Y ) ⊆ ψ(Y ).
By Lemma 3.13, there exists a w∗-continuous complete isometry ζ : Z → ζ(Z)
such that
ζ(Z) ⊂TRO ψ(Y ).
Because Y ⊂∆ X, there exist a w∗-continuous complete isometry χ : X →
χ(X) and projections p, q such that pχ(X) ⊆ χ(X), χ(X)q ⊆ χ(X) and
Y ∼∆ pχ(X)q.
By Lemma 3.9, there exists a w∗-continuous complete isometry
φ : pχ(X)q → φ(pχ(X)q)
such that
ψ(Y ) ∼TRO φ(pχ(X)q).
Thus, by Remark 3.7 it holds that
ζ(Z) ⊂TRO φ(pχ(X)q)⇒ Z ⊂∆ pχ(X)q.
There exist projections r, s and TROs M1,M2 such that
rφ(pχ(X)q) ⊆ φ(pχ(X)q), φ(pχ(X)q)s ⊆ φ(pχ(X)q)
and
ζ(Z) = [M2rφ(pχ(X)q)sM
∗
1 ]
−w∗, rφ(pχ(X)q)s = [M∗2 ζ(Z)M1]
−w∗.
For every x ∈ X , define
φˆ(x) = rφ(pχ(x)q)s⊕ r⊥φ(pχ(x)q)s⊕ φ(pχ(x)q)s⊥ ⊕ p⊥χ(x)q ⊕ χ(x)q⊥.
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As in the proof of Lemma 3.10, we can see that φˆ is a w∗-c.b. isomorphism
from X onto φˆ(X). Define the TROs
Ni = (Mi 0 0 0 0), i = 1, 2.
We can see that
[N2φˆ(X)N
∗
1 ]
−w∗ = ζ(Z), N∗2 ζ(Z)N1 ⊆ φˆ(X)
and
N∗2N2φˆ(X) ⊆ φˆ(X), φˆ(X)N∗1N1 ⊆ φˆ(X).
Thus,
ζ(Z) ⊂TRO φˆ(X)⇒ Z ⊂cb∆ X.

Example 3.15. Let Y be a dual operator space, and let H be a Hilbert space
such that Y ⊂∆ B(H). Then, Y ∼∆ B(H).
Proof. There exist w∗-continuous completely isometric maps ψ : Y → ψ(Y )
and projections p, q such that pφ(B(H)) ⊆ φ(B(H)), φ(B(H))q ⊆ φ(B(H))
and
ψ(Y ) ∼TRO pφ(B(H))q.
We define the map α : B(H)→ B(H) given by α(x) = φ−1(pφ(x)). This is a
multiplier of B(H), and also a projection. Because Al(B(H)) = B(H), there
exists a projection pˆ ∈ B(H) such that
φ−1(pφ(x)) = pˆx⇒ φ(pˆx) = pφ(x) ∀ x ∈ B(H).
Similarly, there exists a projection qˆ ∈ B(H) such that
φ(xqˆ) = φ(x)q ∀ x ∈ B(H).
We have that
φ−1(pφ(B(H))q) = pˆB(H)qˆ.
Because
Al(pˆB(H)qˆ) = B(pˆ(H)), Ar(pˆB(H)qˆ) = B(qˆ(H)),
it follows from Lemma 3.9 that there exists a w∗-continuous completely iso-
metric map ζ : ψ(Y )→ ζ(ψ(Y )) such that
ζ(ψ(Y )) ∼TRO pˆB(H)qˆ.
Thus, there exist TROs M1,M2 such that
ζ(ψ(Y )) = [M2pˆB(H)qˆM
∗
1 ]
−w∗ .
Define
N∗2 = [M2pˆB(H)]
w∗, N1 = [B(H)qˆM
∗
1 ]
−w∗ .
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Then, we have that
[N2N
∗
2N2]
w∗ = [B(H)pˆM∗2M2pˆB(H)pˆM
∗
2 ]
w∗ = [B(H)pM∗2 ]
−w∗ = N2.
Thus, N2 is a TRO. Similarly, N1 is a TRO. Now,
ζ(ψ(Y )) = [N∗2B(H)N1]
−w∗
and
[N2B(H)N
∗
1 ]
−w∗ = [B(H)pˆM∗2B(H)M1qˆB(H)]
−w∗ = B(H).
Thus,
ζ(ψ(Y )) ∼TRO B(H)⇒ Y ∼∆ B(H).

Example 3.16. Let H be a Hilbert space, Φ : B(H) → B(H) be a w∗-
continuous completely bounded idempotent map, and
Y = RanΦ, Z = RanΦ⊥.
Let φ : B(H) → Y ⊕ Z be the map given by φ(x) = Φ(x) ⊕ Φ⊥(x). We can
easily prove that φ is a w∗-c.b. isomorphism onto Y ⊕ Z. By Example 3.5
(ii), we have that Y ⊂TRO φ(B(H)), and thus Y ⊂cb∆ B(H).
Example 3.17. Let H be a Hilbert space, and let e, f ∈ B(H) be nontrivial
projections. Define
Φ : B(H)→ B(H), Φ(x) = exf + exf⊥ + e⊥xf⊥,
and denote Y = RanΦ. By Example 3.16, we have that Y ⊂cb∆ B(H). If
Y weakly ∆-embeds into B(H), then by Example 3.15 we should have that
Y ∼∆ B(H). However, this contradicts the fact that B(H) is a self-adjoint
algebra and Y is a non-self-adjoint algebra. Thus, the relation Y ⊂cb∆ X
does not always imply that Y ⊂∆ X holds.
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